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Introduction and preliminaries
The celebrated Cauchy-Bunyakovsky-Schwarz (CBS in the sequel) inequality u, v ≤ u, u in an arbitrary inner product space V is one of the most fundamental inequalities in mathematics.
Möbius addition is defined on the complex open unit disk D = {z ∈ C; |z| < 1} by
which appears in a wide variety of fields of mathematics. In particular, although Möbius addition is known in the literature as hyperbolic translation, its group-like structure had gone unnoticed until it was uncovered by A.A. Ungar in 1988 [4] , in the context of Einstein's special theory of relativity. Furthermore, Ungar extended Möbius addition, introduced Möbius scalar multiplication to open balls of arbitrary real inner product spaces, and established the concept of gyrovector spaces, which have a vector space-like structure (see [4] [5] [6] ). Let us briefly recall the definition of the Möbius gyrovector spaces. For precise definitions and basic results of gyrocommutative gyrogroups and gyrovector spaces, see [7] . Although one does not need any knowledge on gyrovector space theory to read this paper, it is a significant portion of our motivation and background. In addition, notations from gyrovector space theory simplify expressions of our inequalities remarkably. For elementary facts on inner product spaces and CBS type inequalities, one can refer to [1, 3] . 
for any a, b ∈ (-s, s) and r ∈ R.
We simply denote ⊕ M , ⊗ M by ⊕ s , ⊗ s , respectively. 
for any u, v ∈ V and r ∈ R. 
as in group theory. Moreover, the Möbius gyrodistance function d and Poincaré distance function h are defined by the equations
Ungar showed that h satisfies the triangle inequality [7, (6. 
Note that the Möbius operations generally are not commutative, associative, or distributive. Furthermore, the ordinary scalar multiplication does not distribute the Möbius addition. However, the restricted Möbius operations to real numbers together with the ordinary addition and multiplication have the following properties:
for any -s < a, b < s, r 1 , r 2 , r ∈ R. It follows from the additive formula of the hyperbolic function. In addition, we need the following lemmas.
The equality holds if and only if a j = b j (j = 1, 2).
Proof We may assume s = 1. It is immediate to see that
The equality condition also follows from the proof above. This completes the proof.
Lemma 1.6
If 0 < a < s and 0 < r < 1 (resp. r > 1), then ra < r ⊗ s a (resp. ra > r ⊗ s a).
Proof By the identity
we may assume s = 1. Obviously, ra < r ⊗ 1 a is equivalent to tanh -1 (ra) < r tanh -1 a. Considering a as a variable, we put f (x) = r tanh -1 x -tanh -1 (rx). Then it is easy to see
which yields the result for 0 < r < 1. It is also easy to see the assertion for r > 1. This completes the proof.
Recently, the following CBS type inequality related to the Möbius addition in complex inner product spaces was obtained. See also [8] for a discrete Cauchy type inequality including a mixture of the Möbius addition and the Möbius scalar multiplication restricted to real numbers. 
(1.1)
The equality holds if and only if one of the following conditions is satisfied:
(
(ii) w = 1 and u = λw, v = μw for some complex numbers λ, μ.
Remark 1.8 As described in [9, Theorem 8] , the corresponding inequality in inequality (1.1) and letting s → ∞, then it asymptotically goes to the classical CBS inequality
Clearly w appears in the right-hand side of inequality (1.2). On the other hand, inequality (1.1) is not the case, even though it must be taken into account that the assumption of Theorem 1.7 includes the condition w ≤ 1.
Example 1.9 In the one-dimensional complex inner product space C, let
Obviously u , v < 1 and w ≤ 1, and it is immediate to see
Despite the previous example, some kind of similar inequality involving w in the righthand side may still be possible. Actually, S.-E. Takahasi raised the following question at a conference when Theorem 1.7 was presented.
Question 1.10 Is there any constant
In this article, we show some further extensions of CBS type inequality (1.1). One of them gives an affirmative and even sharper answer to Question 1.10. Another extension is related to both the Möbius addition and Möbius scalar multiplication, which can be regarded as the most natural extension in the context of relation between inner product spaces and the Möbius operations.
An extension of the CBS type inequality
In this section, we prove an extension of Theorem 1.7 related to the Möbius addition and discuss some properties. The following lemma is due to one of the referees.
Lemma 2.1 Let a be a real number and z be a complex number. If |z|
Proof It is enough to show that 4a
This completes the proof.
The following theorem is an extension of CBS type inequality in complex inner product spaces related to the Möbius addition. Theorem 2.2 Let V be a complex inner product space. For any u, v ∈ V, s > max{ u , v } and w ∈ V with w ≤ 1, the following inequality holds:
(2.1)
The equality holds if and only if one of the following conditions is satisfied:
The author had given a proof of Theorem 2.2 in the original manuscript, whose method was quite similar to that in [9] . One of the referees pointed out that Theorem 2.2 can be easily deduced from Lemma 2.1 and Theorem 1.7, and kindly presented the proof below, which is remarkably shorter than the original one.
Proof It is easy to see that we may assume s = 1. If w = 1, then inequality (2.1) just reduces to inequality (1.1), so we may assume 0 < w < 1 as well. Put
Then the classical CBS inequality shows that |Z| ≤ u v w 2 < a. It follows from Lemma 2.1 that
where the equality holds if and only if Y = 0. This shows that
where we used Theorem 1.7 for the later inequality. Thus we obtain the desired inequality. Next, we show the equality condition.
It is immediate to see that the equality in (2.1) holds provided one of the conditions (i), (ii), or (iii) is satisfied.
Conversely, suppose that the equality in (2.1) holds and s = 1. It is obvious that we may assume 0 < w < 1. Then, by the equality in the second inequality of (2.2) and the equality condition of Theorem 1.7, we have u = v or u = λw, v = μw for some complex numbers λ, μ. In the later case, the equality in the first inequality of (2.2) yields
so we obtain u = v. This completes the proof. The following corollary gives an affirmative answer to Question 1.10 with C = 2.
Corollary Let V be a complex inner product space. For any u, v ∈ V, s > max{ u , v } and w ∈ V with w ≤ 1, the following inequality holds:
3)
The following theorem shows that the constant 2 in the right-hand side of inequalities (2.1) and (2.3) is the best in a sense.
Theorem 2.4 For any real number C
Proof In the one-dimensional complex inner product space C, let
Obviously u n , v n < 1 and w n ≤ 1, and it is immediate to see
Therefore we have
If the following inequality
would be valid for any u, v, w ∈ V with u , v < 1, w ≤ 1, then we could prove Theorem 2.2 simply by combining the classical CBS inequality (1.2) and inequality (2.4). However, this is not the case.
Theorem 2.5
For any real number C > 0, there exist elements u, v, w ∈ V satisfying u , v < 1, w ≤ 1, and
Proof Take a real number 0 < a < 1 satisfying 1+3a (1-a)(1+a) 2 > C 2 . In the two-dimensional complex inner product space C 2 , let
Obviously u , v < 1 and w = 1, and it is immediate to see
Remark 2.6 One can easily modify the proof of Theorem 2.2 to obtain the corresponding inequality in real inner product spaces.
Theorem 2.7
Let V be a real inner product space. For any u, v ∈ V, s > max{ u , v } and w ∈ V with w ≤ 1, the following inequality holds:
The equality holds if and only if one of the following conditions is satisfied:
(ii) w = 0, (iii) w = 1 and u = λw, v = μw for some real numbers λ, μ.
A CBS type inequality related to the Möbius operations
In this section, we prove a rather essential extension of Theorem 1.7, which is related to both the Möbius addition and Möbius scalar multiplication.
The next is a key result for the main theorem, which might be interesting by itself as an elementary inequality of real and complex numbers. 
The equality holds if and only if one of the following conditions is satisfied:
Proof We will give a proof of 
We will show
because it seems difficult to prove directly
We can calculate the subtraction of the left-hand side from the right-hand side of (3.1) as follows:
Lemma 3.2 The sum of the first two terms
in formula (3.3) is a polynomial whose degree is at most 1 with respect to t.
It is clear that the previous formula is a polynomial whose degree is at most 3 with respect to t. Although the rest of the proof is just expanding the formula above, we describe a process to calculate for the convenience of readers.
+ terms of degree at most 1,
+ terms of degree at most 1.
It is not difficult to verify that the terms of degree 3 and 2 actually cancel each other, respectively. Thus the sum of the first two terms in formula (3.3) consists of terms at most degree 1. This completes the proof of Lemma 3.2.
Lemma 3.3
The factor C 4 -
Proof It is straightforward to see that
This completes the proof of Lemma 3.3. 
(ii) The case where αβ < 0.
where we used αβ < 0 and the fact
Indeed, put x = αβ,
and consider the minimum value of f (x) for -1 ≤ x ≤ 0. It is obvious
. Thus the minimum value of f (x) for -1 ≤ x ≤ 0 is f (-1). Now it is immediate to see
It is easy to see the equality condition. This completes the proof of Lemma 3.5.
Completion of the proof of Theorem 3.1 Thus we have shown that formula (3.3) is nonnegative. It is easy to check that the equality condition of Theorem 3.1 holds, because it can be reduced to the equality condition for the case of real numbers. This completes the proof of Theorem 3.1.
The following theorem can be regarded as the most natural extension of the CBS type inequality in complex inner product spaces in the context of relation between inner product spaces and the Möbius operations. In the rest of the paper, we simply denote ⊕ 1 , ⊗ 1 by ⊕, ⊗, respectively. Theorem 3.6 Let V be a complex inner product space. For any u, v ∈ V, s > max{ u , v }, and w ∈ V with w ≤ 1, the following inequality holds:
The equality holds if and only if one of the following conditions is satisfied:
Proof At first, we show that if u , v < 1 and w ≤ 1, then
(3.5)
The proof uses an argument in [2] that shows the operator monotonicity of the functions t p with 0 ≤ p ≤ 1. Let E denote the set of all real numbers p in the interval [0, 1] for which if w ∈ V with w = p then inequality (3.5) holds. Trivially 0 ∈ E, and Theorem 1.7 implies that 1 ∈ E. It is obvious that E is a closed subset of [0, 1]. The proof of inequality (3.5) will be complete when we show that E is convex. Suppose p, q ∈ E. For an arbitrary element w ∈ V with w = 
We have to show
By the properties of the Möbius operations together with ordinary addition and multiplication restricted to real numbers and Lemma 1. The following theorem shows that the number w in the right-hand side of inequality (3.4) is the best in a sense. 
The equality holds if and only if one of the following conditions is satisfied:

